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A two-dimensional high gain observer has been constructed to estimate the reaction rate parameters in a laboratory
scale stopped flow fixed bed reactor for gas phase ethylene polymerization. The observer is based on the heat balances
of a validated model of the reactor and the measured variable is the outlet temperature of the fixed bed. To create an
observable system of equations, the polymerization rate is considered in two parts, an activation energy term and a
lumped parameter. The effective radial conductivity in the fixed bed and the heat-transfer coefficient at the wall are con-
sidered separately. The polymerization rate is calculated from the observer results and is in good agreement with the
measured data and calculated values. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 3511–3523, 2014
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Introduction

In this work, a stop flow ethylene polymerization reactor
is considered, with limited temperature measurements. In
industry, gas phase polymerization of ethylene is carried out
in fluidized bed reactors using supported catalysts, most
commonly Ziegler–Natta, TiCl4 dispersed on MgCl2, or
chromium, CrOx dispersed on silica.1 However, such reactors
do not allow study of the early stage of the reaction where a
number of critical phenomena take place, such as the
breakup of the catalyst support and rapid changes in the
physical properties of the growing polymer chains.2,3 Not
only is the process dependant on the catalyst breakup occur-
ring in a controlled manner but also the morphology of the
final polymer particles is determined at this early stage while
particle scale heat- and mass-transfer resistances are at a
maximum due to the small external surface area of the initial
catalyst. To study these effects, a packed bed reactor for the

study of the first instants of gas phase polyolefin polymeriza-
tion was designed and optimized.4,5 The reactor was
designed to perform experiments of very short and precise
timescales at close to industrial conditions with relative gas
flow rates similar to those experienced by the particles in a
fluidized bed reactor. To use this reactor effectively, a good
knowledge of the temperature profile in the reactor bed is
needed. To gain this information a dynamic reactor model
was constructed and validated, full details of which are given
in previous work.6

The objective of this work is to estimate the ethylene con-
sumption rate and the heat generated by the reaction
throughout the stopped flow reactor. However, some reactor
characteristics should be taken into account: the reaction rate
is strongly nonlinear and highly exothermic leading to steep
temperature profiles; and the bed is axially and radially dis-
tributed which gives a two-dimensional (2-D) distributed
model with interactions between the sections. The estimate
of the reaction rate, independent of the catalyst used, can be
made using an observer. To our knowledge, the application
of observers in 2-D distributed systems has never been con-
sidered for chemical engineering applications. Moreover,
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temperature is only measured at two locations, and concen-
tration is known only at the reactor inlet from the feed
composition.

The use of observers has demonstrated its interest for
monitoring and control of chemical processes. A number of
state estimation methods are available for linear or nonlinear
systems described by ordinary differential equations (ODEs;
e.g., Kalman filter, high gain observer, H1 filter). However,
most practical industrial processes are inherently distributed
in space and time, and, therefore, are usually described by a
set of nonlinear partial differential equations (PDEs) with a
limited number of available measurements. In the usual esti-
mation method for spatially distributed systems with a lim-
ited number of measurements, the first step is to spatially
discretise the PDEs process model to obtain an approximate
ODE representation, and then known observers for ODEs are
applied. More recently, observers have also been proposed to
reconstruct the infinite dimensional field as, for instance, the
backstepping design observer.7

Most chemical engineering observer applications for esti-
mation of process conditions still use methods, where the
PDE model is discretized to ODEs before the observer is
applied. For instance, based on spatial discretization of the
PDE of a high-temperature metallurgical reactor, Lebreux
et al.8 used an unscented Kalman filter to estimate the ledge
thickness on the walls. Aguilar-Garnica et al.9 used the
method of characteristics to discretise the PDE model of a
plug flow reactor and then applied an interval observer for
reactant concentration. Dochain10 developed an exponential
observer for nonisothermal fixed bed reactors, where the
model was discretized using the finite difference method.
Hua et al.11 estimated the concentration profiles in a fixed
bed reactor from inlet concentration and temperature meas-
urements from a limited number of temperature sensors
using a discretized model. A one-dimensional (1-D) model,
assuming no temperature difference between catalyst par-
ticles and gas phase as well as negligible radial temperature
gradient was considered. Wu and Li12 proposed an adaptive
neural observer for a class of parabolic PDE systems refor-
mulated as ODEs and applied it for the estimation of the
temperature profile for a catalytic rod.

Note that in a number of other applications for which sim-
ilar ODE observers were applied, the PDE represents a gra-
dient or range in the product quality, and not the reactor
conditions. For instance Mangold et al.13 proposed an
observer for particle size in precipitation reactions, Edouard
et al.14 estimated the particle-size distribution in emulsion
polymerization using a high gain observer and Zhang et al.15

used a high gain observer to estimate the zeroth moment of
the crystal size distribution, which is then controlled using
the reactor temperature. Using the method of moments
approximates the PDE to a very small number of ODEs, but
is out of the scope of this work.

The construction of an estimator assumes the system is
observable. However, besides transport dynamics, the
observability of the model depends on the number, type, and
location of sensors. Therefore, a number of works have stud-
ied the effect of sensor location on system observability.
Vande Wouwe et al.16 developed a sensor location criterion
for either state estimation or parameter estimation. In Alonso
et al.17 the most appropriate sensor type and locations are
chosen through a guided search algorithm that minimizes
orthonormality distortion, using a low dimensional represen-
tation of the original distributed system. As the system

observability also depends on the inputs, Kreuzinger et al.18

indicate that simulation is the best way to investigate the
system dynamics to deduce reasonable sensor locations and
appropriate simplifications. They implemented their results
together with an unscented Kalman filter or a Luenberger
structure observer to monitor a stratified storage tank. As
will be detailed later, in this work, temperature sensors are
available at the reactor inlet and outlet, and in the hot water
bath external to the reactor wall and the reactor exit gas flow
rate is measured online.

The article is organized as follows: first of all, the reactor
model is presented together with the experimental setup.
Then, the theoretical background of the chosen observer is
given. Two different forms of observer are then developed,
using 1-D and 2-D discretized models. Finally, the observer
results are compared to experimental data.

Reactor Setup and Model

Description of experimental setup

The laboratory scale, stainless steel, fixed bed reactor con-
tains a mixture of catalyst, and inert solid (see Tioni et al.5

for details of the reactor preparation and setup). The bed is
1 cm long by 2 cm diameter and is held in place by two 15
mm, stainless steel frits of thickness 3 mm. The reactor is
equipped with two 1 mm T-type thermocouples, one at the
inlet chamber and one at the exit chamber. It has a wall
thickness of 1 cm and is plunged into a water bath that fixes
the external temperature.

The reaction gas is a mixture of 67 % mol ethylene and
33 % mol helium. The gas is supplied to the reactor at 9 3

105 N m22 via a pressure control valve and then heated by
passage through the coils in the hot water bath operated at
353 K; the flow rate is measured at the reactor exit. The
inert solid is NaCl and the supported catalyst (average parti-
cle diameter 58 mm) comprises 3–5 % wt of the bed. A com-
puter controlled automatic valve, maintained at 353 K by
electrical resistance, is set to open and close for a preset
time period fixing the reaction duration. The reaction is
stopped by rapid degassing followed by an injection of CO2

via another automatic valve. Temperature data are collected
automatically from the thermocouples. The process flow dia-
gram of the reactor and setup is shown in Figure 1.

The recorded dataset for each experiment includes: online
inlet and outlet temperatures, reactor exit gas flow rate, and
offline final masses of catalyst, inert, and polymer formed.
Typical measurements for an experiment of duration 15 s are
shown in Figure 2. The short reaction time means a signifi-
cant proportion of the heat produced exits the reactor during
cooling, and so, this period is included in the model, but will
not be useful for the observer as the reaction is stopped.

Reactor model

Ethylene polymerization is highly exothermic; the
enthalpy of reaction is about 800–900 kcal/kg which is
higher than most monomers. The reaction rate is rapid and
depends on the catalyst used and the operating conditions.
For a reaction rate of 2500 g g21 h21, reported in grams of
polymer formed per gram of catalyst per hour, the power
generated in our reactor might attain 100 W, so overheating
is a risk in the very early stages of the process. For this reac-
tor, interparticle and interphase heat transfer limitations were
evaluated based on the maximum observed reaction rate in
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the fixed bed and found to be non-negligible. The model
type is, therefore, bidimensional and heterogeneous with two
separate phases taken into account: (1) the gas and inert
solid and (2) the catalyst and polymer. Mass transfer limita-
tions within the catalyst/polymer particle may also be possi-
ble and are lumped into a simple parameter which represents
the overall reaction kinetics to be estimated in this work by
the observer.

The data and correlations required to represent the fluid
physical properties are drawn from the literature.19,20 Ethyl-
ene concentration is assumed to be at equilibrium between
the gas and polymer phase and is described using Henry’s
Law. Heat-transfer coefficients and effective conductivities
are determined according to accepted correlations for fixed
beds.21–25 The temperatures are measured in the reactor inlet
and outlet chambers and the hot water bath external to the
stainless steel reactor wall. The wall and the frits which sup-
port the reactor bed are relatively thick. So the heat capacity
of these elements cannot be neglected and they are included
in the reactor model. However, as will be seen later, the frit
and the wall are not included in the observer since there is
no reaction taking place there. So the observer may use a
calculated reactor bed outlet temperature, upstream of the
exit frit.

Plug flow and constant hot water bath temperature are
assumed. The pressurization time of the reactor was meas-
ured and found to reach full pressure after approximately
1 s, following the behavior of a first order system. This is of
the same order as the shortest experiments and total pressure
is, therefore, included as a variable in the reactor model.
During pressurization, the reactor exit gas flow rate is kept
directly proportional to the reactor pressure. It is assumed
that once the reactor pressure is stable the reaction gas exit
flow rate is constant and consumption of ethylene in the
reactor is compensated by increased flow of incoming reac-
tion gas. For a full discussion of these points refer to the ear-
lier work.6

The material balances given in Eqs. 1 and 2 are used to
represent the gas phase mole fraction of ethylene and the
mass of accumulating polymer, respectively. The reaction
gas flow rate decreases along the length of the reactor as eth-
ylene is consumed, Eq. 3
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where rv represents the overall reaction rate to be estimated
in this work using an observer. The boundary conditions,
given by Eqs. 4–9, are: constant ethylene inlet concentration,
zero ethylene concentration in the reactor wall, no change of
ethylene concentration in the inlet and outlet frits, ethylene
concentration symmetrical about the reactor center line and
no mass transfer of ethylene into the reactor wall

yC25yC20jz508r (4)

yC250jdreac=4<r<dreac=28z (5)

Figure 1. Process flow diagram of the reactor system.

Figure 2. Temperature measurements for typical reac-
tion of duration 15 s.
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The heat balances for the catalyst/polymer phase in the
reactor and for the gas/inert phase are given by Eqs. 9 and
10 respectively
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The boundary conditions for the heat balances (given by
Eqs. 11–14) are: use conductivity of stainless steel for the
reactor wall; reactor bed temperature symmetrical about the
centerline; heat transfer rates from fixed bed to reactor wall
and from reactor wall to hot water bath both determined
from the respective heat-transfer coefficients.
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Model simulation

The objective of this work is to estimate the polymeriza-
tion rate, which is difficult to model during the first stage of

the polymerization due to rapid and significant changes in
particle morphology, physical properties, and mass transfer
rates. Moreover, the observer should not only be applicable
to the current catalyst type and support but also suitable for
testing potential alternatives. To validate the observer first
by simulation, an empirical relation is used to represent the
reaction rate, based on experimental observations. Further
validation of the observer is then done using the experimen-
tal data.

For simplicity, the kinetics are described by Eq. 15 as a
single reaction with a lumped reaction parameter, kp0C*,
which represents all the effects impacting the reaction rate.
This is an empirical parameter, specific to our reactor and
data, and includes, for example, the efficiency of the catalyst
particle. The experimental data shows that the overall poly-
merization rate tends to decrease rapidly during the first
moments of the polymerization. To follow the overall reac-
tion rate as closely as possible, the value of kp0C* is reduced
as the polymerization progresses and adjusted by optimiza-
tion to get the best fit between measured and calculated out-
put temperatures. The form used is given in Eq. 17.

rv5kp0C�e2
Eap
RT CC2 (15)

where,

CC25yC2PHðTÞ (16)

and

kp0C�5a2bðMRÞc (17)

The PDEs representing the heat and mass balances were
discretized using the finite element method. The ODEs
obtained and the lumped reaction constant and the reactor
pressure are all integrated in MATLAB using the default
solver, ode45, which was found to be sufficient when com-
pared to the other solvers available.

The model was simulated using real inputs. The reaction
gas flow rate, physical properties and heat transfer correla-
tions that were all set to correspond to the initial conditions
and then updated every 0.02 s. For observer development, it
was chosen to work with an experiment of 15 s to remain
within the duration of interest, while minimising the impact
of the reactor pressurization dynamic and the fraction of heat
generated by the polymerization which exits the reactor dur-
ing the cooling period.

Figures 3–5 give simulation results relating to the same
experiment of 15 s duration with 46.2 mg of catalyst and a
calculated mass of polymer formed of 37.1 mg for 33.3 mg
measured. Figure 3 shows the fit between calculated and
measured reactor outlet temperatures. Figures 4a, b show cal-
culated temperatures for the reactor bed and catalyst/polymer.
The values are significantly higher than those measured at the
reactor outlet, with a steep gradient predicted along the reactor
length and a brief temperature excursion above the polymer
melting point after around 1.6 s of reaction. This is followed
by a rapid reduction in the bed temperature as the polymeriza-
tion rate decreases. The calculated temperatures for the cata-
lyst/polymer are very similar to those found for the gas/inert
for these experimental conditions. Figure 5 gives the maxi-
mum radial temperature profile for the reactor bed at the hot
spot, with a fairly flat profile across the center of the bed, a
cool section close to the reactor wall and only a slight gradi-
ent within the reactor wall. These simulation results will be
useful to establish some model simplifications.

Figure 3. Comparison of calculated output tempera-
tures against measured values for an experi-
ment of 15 s duration (T 5 353 K, P 5 6.67.105
N m22 of C2H4, nominal gas/particle
velocity 5 0.11 m/s).
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High Gain Observers

Theoretical background

Different observer methodologies have been applied to
estimate the reaction rate in homogeneous chemical reactors
described by ODEs, such as Kalman filters,26 high gain
observers for copolymerization reactions27 and receding hori-
zon observers for a terpolymerization reaction.28 As the stop
flow reactor model is discretized to give a set of ODEs, such
observers can also be considered here. In this work, a simple
form of high gain observer29,30 is used to estimate the reac-
tion rate.

Consider the following nonlinear system:

_xðtÞ5f xðtÞ; uðtÞð Þ

yðtÞ5h xðtÞð Þ
(18)

where xðtÞ 2 M, M 2 <n is the state space, y 2 < the meas-
ured outputs and u 2 U, U 2 <m is the bounded input space.
f is C1 vector fields on <n and h, a C1 scalar field on <n.

DEFINITION 1. The function f is global Lipschitz if 9 c> 0
such that 8 x, x’ � Rn

jf ðxÞ2f ðx’Þj � ckx2x’k (19)

The following assumptions are needed in the sequence:
H1) The system (18) is locally uniformly observable, that

is, observable 8 input.
H2) Theorem 1.

29,30 If the system is uniformly observable,
the change of coordinates, /(x), for the system (18) given by
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where Lfy is the Lie derivative of the function f in the direc-
tion of y.

H3) The nonlinear terms F, g1, ., gm are global Lipschitz.
This assumption is always reliable if the states are bounded.

Theorem 2.
30 For h > 0 and sufficiently large, the system
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is an exponential observer of the state n of the system (18)
and Sh is the unique symmetric positive definite matrix satis-
fying the algebraic Lyapunov equation

hSh1ATSh1ShA2CTC50 (24)

which gives
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The observer for the original state x(t) in system (18) is
given by
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x̂ is the estimated values of x.
The gain used does not require the resolution of any

dynamical system and it is explicitly given. The tuning of the
estimator is reduced to the calibration of a single parameter.
Moreover, the observer can provide estimates of some
parameters from only their effect, and therefore, without
requiring a model for them.

Figure 4. Calculated temperatures at fixed 1 mm intervals along the length of the reactor bed (a) gas and inert
solid and (b) catalyst/polymer.

AIChE Journal October 2014 Vol. 60, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 3515



Observer implementation

Based on the simulation results, some model simplifica-
tions are made in view of the observer development. First,
note that only the heat balances Eqs. 9 and 10 are required,
as it is these which relate the reaction rate to the outlet tem-
perature. In these balances, the term cpC2(Tg–Tc) represents
catalyst particle cooling by incoming ethylene which is small
compared to the heat of reaction and can be neglected. The
heat balances become
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Second, the position at which the reactor outlet tempera-
ture is measured (see Figure 1) is not the measured output
used by the observer. The reactor model includes the reactor
wall and frits, where there is heat transfer but no reaction

takes place. As the reaction rate in these volumes is known
to be zero, there is no need to run the observer there. How-
ever, the observer does require the fixed bed outlet tempera-
ture which is not physically measured. It is assumed that the
heat transfer calculations for these parts of the reactor are
correct and the fixed bed outlet temperature, calculated by
the model is the value taken by the observer as the measured
variable.

Third, all the parameters in the heat balances except Tc,
Tg, and rv are assumed constant. This includes Tw, FT, and
qcp. Note that for the model these parameters were consid-
ered as variables. However, the experiments chosen for
observer development are at maximum flow rate through the
reactor bed and the change in flow rate along the reactor
length is, therefore, minimized. Also, the previous simula-
tions showed that wall temperature variation is slight and
with the reactor bed considered as homogeneous the accu-
mulation of polymer makes little difference to the overall
heat capacity of the bed.

Fourth, thermal gradients are known to exist in the reactor
bed. In the reactor model, these are accounted for by using
finite elements in both the radial and axial directions. In this
work, we will construct observers

1. By including only finite elements in the axial direction
(1-D observer).

2. By including both axial and radial temperature gra-
dients (2-D observer).

For the 1-D observer, a different wall heat-transfer coeffi-
cient is used. The resistance to heat transfer in the reactor
bed and at the wall are combined in an overall heat-transfer
coefficient, as determined from Eq. 2931

Figure 6. Block diagram of the observer. [Color figure
can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 5. Calculated radial bed (gas/inert) temperature
profiles in final axial element of reactor bed
(hot spot).

Figure 7. Results of the 1-D observer for kp0CC2C* with 10 axial reactor elements (a) Comparison of T to bed tem-
peratures calculated by the model and (b) kp0CC2C*.
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To construct an observer, Eqs. 27 and 28 must be discre-
tized and written in state space form. The method is the
same for both the 1-D and 2-D observers, but the representa-
tion for the 1-D observer is simpler and shown here for the
sake of brevity. So, after discretization into n axial elements,
i, the heat balance for the gas/inert phase can be written
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The state-space form of the 1-D model for each individual
element is therefore
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u

(31)

where e represents the unknown dynamic of rv (t). Note that
A depends only on measured or known variables and the
other terms are in /.

Finally, at the particular experimental conditions consid-
ered, the reactor model predicts very similar values for Tg

and Tc. These can, therefore, be combined into a single vari-
able, T, for the purpose of observer development in this
case. Note that for different reaction conditions, for example,
alternative flow rates or catalyst particle sizes, this simplifi-
cation might not be valid and in that case the observer
should be constructed based on Eq. 31.

The heat balance over a finite element for the 1-D
observer becomes

dTi

dt
5

1X
qcp

DHrvi1FTMwtrgcprg

Ti2Ti21ð Þ
Srdz

2�hint Aw Ti2Twð Þ
� �

(32)

And the state-space form of the augmented system (con-
sidering rvi as a state) becomes

_Ti

_rvi

2
66664

3
77775

|fflfflffl{zfflfflffl}
_X

5

1X
qcp

FTMwtrgcprg

Srdz
1�hint Aw

� �
DHX

qcp

0 0 0

2
666664

3
777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
A

:

Ti

rvi

2
66664

3
77775

|fflffl{zfflffl}
X

1

1X
qcp

2FTMwtrgcprg

Ti21

Srdz
2�hint AwTw

� �

e

2
666664

3
777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
u

(33)

To usefully apply a state observer to a system of equa-
tions, they must be observable. This requires that the state(s)
to be estimated can be completely defined over the required
time interval from knowledge of the inputs and measured
outputs. The Kalman criterion can be used to test the observ-
ability of a linear system of equations. This criterion shows
that our system is observable for a single reactor element
(assuming no radial and axial gradients), but this cannot be
confirmed for multiple elements Eq. 31. Note that assuming

a single element means there are no temperature gradients in
the reactor, which is of course not the case, as demonstrated
by the model simulations.

Figure 6 shows a block diagram of the observer imple-

mentation with the reactor as a single element. As

expected, if we develop an observer for a single element

model, poor estimates of the reaction rate are obtained.

Indeed, the reactor bed outlet temperature used as the

observer input corresponds to a reactor hot spot, with lower
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temperatures and reaction rates throughout the rest of the

bed. The result is an overestimate of the reaction rate and

mass of polymer by the observer with 87.6 mg estimated

for 33.3 mg measured.
Discretising in the axial and radial directions gives a spe-

cific number of finite reactor elements on which the observer
can be applied similarly. However, it was confirmed that this
discretized representation of the reactor bed was not observ-
able for multiple elements.

So, the single element observer is not appropriate for the
present reactor and the reaction rate becomes unobservable if
we consider multiple elements. To create an observer that
takes into account the axial thermal gradient in the reactor
bed using finite elements, an observable system of equations
is required. In general, reaction rates vary with temperature
according to their activation energy and an accepted form of
the reaction rate equation for ethylene polymerization was
given previously in Eq. 15

rv5kp0C�e2
Eap
RT CC2

Considering the impact of the individual terms in this
equation; the activation energy increases the reaction rate
by a factor of at least 4 between the reactor inlet and outlet,
the concentration of ethylene in the reactor bed is calcu-
lated to vary by less than 5% and the variation in the active
site concentration during the experiments is not known.
However, the catalyst distribution is initially uniform, as
the bed is well mixed during preparation. Based on this, if
it is assumed that all the variation in polymerization rate in
the reactor bed at any one moment is due to the activation
energy of the propagation reaction, it is no longer necessary
to estimate a reaction rate for each individual reactor ele-
ment. Instead, an observer for a single variable,
K5kp0CC2C*, can be created. From the point of view of the
observer, this system is much simpler to estimate since
there are now fewer unknown variables; the temperature in
each element and a single reaction rate parameter. The pre-
vious system required as many reaction rate values to be
estimated as there were finite elements. Note that a 2-D

simulation is still required even though only a single
parameter is to be estimated.

In the following, we consider the estimation of K, from
which the reaction rate can be calculated. The simplified
model presented in Eq. 32 is combined with Eq. 15

dTi

dt
5

1X
qcp

DHKe2
Eap
RTi1FTMwtrgcprg

Ti2Ti21ð Þ
Srdz

�

2�hint Aw Ti2Twð Þ
� (34)

1-D observer for K (axial discretization)

The observer will have two states T and K. First, only
axial discretization is considered (assuming no radial gra-
dients), with n finite reactor elements:

Let _K50
Write the equations in matrix form

_Tn

�

_T2

_T1

_K

2
666666666666664

3
777777777777775

|fflfflffl{zfflfflffl}
_X

5

1X
qcp

� � Ke
2Ea
RTn DH1FinMwtgcpg

Tn2Tn21

Srdz
2�hint AwTn

� �

�

1X
qcp

� � Ke
2Ea
RT2 DH1FinMwtgcpg

T22T1

Srdz
2�hint AwT2

� �

1X
qcp

� � Ke
2Ea
RT1 DH1FinMwtgcpg

T12Tin

Srdz
2�hint AwT1

� �
0

2
666666666666666664

3
777777777777777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
f ðxÞ

1

�hint AwTwX
qcp

� �
�

�hint AwTwX
qcp

� �
�hint AwTwX

qcp

� �
e

2
666666666666666664

3
777777777777777775

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
u

(35)

Note that the system is nonlinear so we can no longer
write the matrix A and the observer correction term will be
time-dependent. In this arrangement, the state vector, X, is
written with the measured bed temperature at reactor element
n in row 1. This is necessary for the observer design.

As aforementioned, a number of observers could be
applied to this system. To apply the observer defined in Eq.
23, we carry out a change of variables as follows to get a
canonical form of observability

Figure 8. Comparison of polymerization rate calculated
using model and from the 1-D observer for
kp0CC2C* with 10 axial reactor elements.
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Z5

z1

z2

2
664

3
7755

y

Lf y

2
664

3
7755

y

dy

dX
f

2
664

3
775 (36)

Applying this to any element of the reactor gives

z15y5T (37)

z25
dy

dX
f 5

dT

dT
f11

dT

dK
f2


 �
5 1:f110½ �

5
1X
qcp

� � Ke
2Ea
RT DH1FinMwtgcpg

dT

Srdz
2�hint AwT

� � (38)

And so

dz

dX
5

1 0

21X
qcp

� � Ea

RT2
Ke

2Ea
RT DH1

FinMwtgcpg

Srdz
1hsf

int
Aw

� �
DHe

2Ea
RTX

qcp

� �
2
64

3
75 (39)

Finally, the observer correction term can be written and
combined with the model described by Eq. 35, to get the
form given in Eq. 26. Note that Eq. 39, and hence the cor-
rection term of the observer, is time variable.

To check the results of the 1-D observer, comparison
was made against the reactor model outputs. To do this, the
average temperatures and reaction rates over the radial ele-
ments of each axial segment were calculated from the
model outputs, taking account of the variation in segment
volume across the reactor radius. Figure 7 shows the result
of applying this observer to the reactor bed divided into 10
discrete elements. Temperatures determined from the reac-
tor model and the observer are reported in Figure 7a for
four axial reactor elements, with those from the model serv-
ing as expected values. The temperature decay is smooth in
the interval between the times reported in the figure. The
observer recalculates the measured temperature correctly
and predicts values for the other elements which are con-
sistent with those of the model. Figure 7b gives the esti-
mated profile for kp0CC2C*. In this simulation, the observer
is initialized close to the initial value of the model. A con-
vergence period can be observed in the first part of the
graph. The observer gets far from the model then reaches a
minimum as it moves closer to the model until complete
convergence. The estimation error is accumulated during
this convergence period and is used to allow the observer
to correct modelling errors and move to useful predictions
of kp0CC2C*.

Figure 8 shows the reaction rates found in segments 1, 4,
7, and 10, based on the estimation of kp0CC2C*. These are
still above those of the model and the calculated total mass
of polymer for this case is 62.9 mg, which is closer to the
measured value of 33.3 mg (compared to a single element
observer), but still too high.

It seems that the observer is over estimating the heat
transfer rate at the reactor wall. To match the total mass of
polymer to the measured value, the heat-transfer coefficient
used in the observer must be reduced by a factor of 10. As
the observer is only discretized in 1-D, while the model is
2-D, the observer makes the big assumption that each ele-
ment is homogeneous in temperature while only part of the
volume is touching the wall. An empirical apparent heat-
transfer coefficient can be estimated to force the observer
to return the real polymer mass, but the best way to account
for this heterogeneity would be to develop a 2-D observer.
Indeed, in discussing the correlation for the wall heat-
transfer coefficient given in Eq. 29, Froment31 states that
“except for ‘mild’ conditions, the 1-D model may fail to
predict the mean temperatures.” Also the correlation was
derived for beds of porosity close to 0.4, formed of spheri-
cal particles and with Reynolds number> 3, which is not
our case. The next step in observer development is, there-
fore, to eliminate this correlation by creating a 2-D
observer for the reactor bed, accounting for the effective
conductivity in the bed and the wall heat-transfer coeffi-
cient separately.

Figure 9. Results of the 2-D observer for kp0CC2C* with 10 axial and 5 radial bed elements.

Comparison of T to bed temperatures calculated by the model (a) center and (b) edge.
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2-D observer for K (axial and radial discretization)

For the 2-D observer both axial and radial discretization
are considered, with n finite reactor elements, i, in the axial
direction, and m finite reactor elements, j, in the axial direc-
tion. The reactor model becomes

@T

@t
5

1X
qcp

DHKe2
Eap
RT 1FTMwtrgcprg

@T

Sr@z
1

lsfer

r

@

@r

r@T

@r

� �� �
(40)

@T

@r
50jr508z (41)

lsfer

@T

@r

� �
5hsf

int T2Twð Þjr5dreac=48z (42)

Following the same methodology as for the 1-D observer,
this reactor model is discretized into finite elements

dTi;j

dt
5

1X
qcp

DHKe2
Eap
RTi;j1FTMwtrgcprg

Ti;j2Ti21;j

� �
Sr@z

�

1
lsfer Ti;j2122Ti;j1Ti;j11

� �
dr2

� (43)

The progrmmed boundary conditions are

Ti;j215Ti;jjj518z

lsfer 2Ti;j1Ti;j11

� �
dr2

5hsf
int Ti;j2Tw

� �
jj5m8z (44)

Writing these equations in state space form
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(45)

The correction term is found in the same way as for the
1-D observer. However, the heat balances are no longer
identical for each finite element. Based on the elements
within the reactor bed, and not at the wall, Eq. 39 is written

dz

dX
5

1 0

21X
qcp
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RT2
Ke

2Ea
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FinMwtgcpg

Srdz
1

lsfer

dr2

� �
DHe

2Ea
RTX

qcp
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2
64

3
75

(46)

As this is slightly ambiguous, the 2-D observer was tested
with both possible correction terms, that is, derived using
Eq. 39 or 31. The observer was programmed with the reactor
bed divided into 50 elements, 10 axial, and 5 radial. When
the effective conductivity in the bed and the wall heat-
transfer coefficient are taken into account separately, the
observer calculates the mass of polymer formed in the reac-
tor bed to be 33.2 mg for 33.3 mg measured. Although there
is clearly some uncertainty in the accuracy of the measured
data and the correlations used, this is a much better result.
Testing the observer for other experiments always resulted in
accuracy better than 30%. There was no noticeable differ-

ence in the results from the two alternative correction terms,
which can be explained because the effect is only a slight
change to the observer gain, to which the observer is robust.

Figure 9 compares the temperatures predicted by this
observer to those calculated by the reactor model (Eqs. 1–
17). This observer recalculates the measured data correctly
and predicts thermal profiles which are logical and consistent
with the trends of the reactor model. Temperatures increase
along the reactor length and are cooler at the reactor wall. A
small difference can be seen between the predicted edge
temperatures in Figure 9b. This can be explained because
the reactor wall temperature dynamic is included in the reac-
tor model, whereas it is held constant for the observer. Fig-
ure 10 shows the values of kp0CC2C* predicted by the 2-D
observer. As before, this parameter is uniform across the
reactor bed. The result is slightly less smooth than for the 1-
D observer (Figure 7b). This is because the 2-D observer has
more reactor elements and so, more temperatures are esti-
mated and the result is noisier. However, the curve is still of
the expected form. Note that there is no early minimum in
these observer results for kp0CC2C* because the initial value
has been set to zero.
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Figure 11 compares the reaction rates calculated from the 2-
D observer predicted values of kp0CC2C* to those from the reac-
tor model. Figures 11a, b gives results along the reactor center
and edge, respectively. It can be seen that there is reasonable
agreement, with the model and the observer predicting similar
values and trends. The differences between the estimated and
real reaction rates should be due to the simplifications made for
development of the observer, in particular, the assumption of
Tw, FT, and qcp constant. This simplification was necessary to
avoid exhaustive calculations while deriving a canonical form of
obsevability. Figure 11 shows that the reaction rates close to the

reactor wall are relatively well estimated, but the reaction rates
in the reactor center present a higher discrepancy. As with the
bed temperatures, the difference in the reaction rates close to
the reactor wall can be linked to the reactor wall temperature,
which varies in the model but is held constant in the observer.
The higher reaction rate in the bed center is more likely to be
linked to the assumption of constant gas flow rate.

Figure 12 shows the effects of increasing the number of
axial elements in the reactor bed, increasing the tuning param-
eter and changing the initial value of kp0CC2C*. This observer
is robust and predicts almost identical results in each case.

Figure 10. Results of the 2-D observer for kp0CC2C*
with 10 axial and 5 radial bed elements.

Figure 11. Comparison of reaction rates predicted 2-D
observer for kp0CC2C* with 10 axial and 5
radial bed elements and those calculated by
the model at reactor (a) center and (b) edge.

Figure 12. Results of the 2-D observer for kp0CC2C*
with (a) increased number of reactor ele-
ments, (b) the tuning parameter, theta,
increased to 50, and (c) alternative initial
values for kp0CC2C*.
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Figure 13 shows the observer predictions for kp0CC2C*
during the first second with different initial values. It can be
seen that even with the tuning parameter set to 50 the
observer takes about the first 100 ms of the data to converge,
so the predictions before this point must be discarded.

Conclusions

A high gain observer has been developed to estimate
reaction rate, distributed both axially and radially, in a
stopped flow fixed bed reactor using outlet temperature as
the measured variable. The observer is based on the heat
balances from a validated model for this reactor and is
applied to experiments carried out under controlled condi-
tions. Limiting the operating range of the reactor allowed
some simplifications to be made to the heat balances and
an initial observer for reaction rate was developed. How-
ever, this construction could not be extrapolated to a discre-
tized reactor bed. To overcome this problem, the activation
energy for the polymerization was introduced separately to
the reaction rate to create an observer for the parameter, K,
which was considered uniform across the reactor bed. This
method allowed an observer which could estimate all the
required states, namely, the temperatures in a distributed
system of reactor elements plus the parameter, K. Finally,
the wall heat-transfer coefficient was taken into account
separately to the radial effective conductivity in the reactor
bed to create a 2-D observer which gives reasonably good
results.

Observers are usually used for real time process monitoring
and control. This work has shown that it is possible to extend
an observer to a volume represented by a 2-D system of equa-
tions and estimate values of more than 50 separate parameters
within this volume. This demonstrates that the observers
method can predict useful process information, in very com-
plex systems, which could be of benefit for both research and
industrial applications.

Notation

A = state matrix
Aw = wall area for heat transfer per segment volume, m2 m23

a,b,c = constants
C = output matrix

CC2 = ethylene concentration, mol m23

C* = active site concentration, mol m23

cp = specific heat capacity, kJ kg21 K21

cpC2 = specific heat capacity ethylene, kJ kg21 K21

Dr = radial Diffusivity, m2 s21

dreac = reactor length, m
dt = reactor diameter, m

Eap = activation energy, J mol21

FT = total molar flow, mol s21

hbath = bath side wall heat-transfer coefficient, W m22 K21

hcat = catalyst heat-transfer coefficient, W m22 K21

hsf
int = wall heat-transfer coefficient (2-D model), W m22 K21

�h int = wall heat-transfer coefficient (1-D model), W m22 K21

DH = heat of reaction, J mol21

H(T) = Henry constant for ethylene in polyethylene, mol21 N21 m21

i = axial element number
kp0 = pre-exponential reaction constant for propagation, mol21 s21

m3

K = lumped reaction constant
lreac = reactor length

lf1, lf2 = frit lengths (inlet, outlet)
lsfer = effective bed conductivity, W m21 K21

ls_inox = conductivity of stainless steel, W m21 K21

Lf = Lie derivative
MR = mass of polyethylene per unit volume of reactor, g m23

Mwtrg = molecular weight reaction gas, g mol21

MwtC2 = molecular weight ethylene, g mol21

P = pressure, N m22

R = ideal gas constant, J mol21 K21

r = radial distance, m
rv = apparent reaction rate per unit bed volume, mol s21 m23

Scat = catalyst surface area, m2 m23

Sr = cross sectional area of segment, m2

Sh = explicit solution to Lyapunov equation
T = temperature, K

Tb = wall Temperature, K
Tw = wall Temperature, K

t = time, s
X = state vector
y = measured variable

yC2 = mole fraction ethylene
z = state vector after change of variables
z = axial distance, m

H = tuning parameter
e = dynamic to be found by observer

eb = bed porosity
q = density, kg m23

Suffixes

c = catalyst & polymer
g = gas & inert solid

rg = reaction gas
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